Abstract. Recently, N. Epstein and J. Shapiro introduced and studied the perinormal domains: those domains A whose going down overrings are flat A-modules. We show that every Prüfer v-multiplication domain is perinormal and has no proper lying over overrings. We also show that a treed perinormal domain is a Prüfer domain. We give two pull-back constructions that produce perinormal/non-perinormal domains.
Introduction
In their recent paper [6] , N. Epstein and J. Shapiro introduced and studied the perinormal domains: those domains A whose going down overrings are flat Amodules. Due to [18, Theorem 2] , A is perinormal if and only if whenever B is a local overring of A, we have B = A N ∩A where N is the maximal ideal of A. Here, as usual, a going down overring B of A means a ring between A and its quotient field such that going down holds for A ⊆ B, that is, the induced spectral map Spec (B Q ) → Spec (A Q∩A ) is surjective for each Q ∈ Spec (B). The perinormality is a local property cf. [6, Theorem 2.3] . Also studied in [6] is the subclass of globally perinormal domains: those domains A whose going down overrings are fraction rings of A. So A is globally perinormal if and only if A is perinormal and its flat overrings are fraction rings of A.
The purpose of this note is to extend some of the results in [6] . We obtain the following results (all needed definitions, though standard, are recalled in the next section at the place where they are used). An essential domain has no proper lying over overrings (Theorem 1). Every P-domain [17] is perinormal (Theorem 2). Consequently, a Prüfer v-multiplication domain (PVMD) is perinormal and has no proper lying over overrings (Corollary 5). In particular, we retrieve [6, Theorem 7.5] which states that a generalized Krull domain is perinormal (Corollary 5). Using Heinzer's example [12] , we remark that an essential domain is not necessarily perinormal (Remark 3). A treed perinormal domain is a Prüfer domain (Proposition 8). We thus extend [6, Proposition 3.2] which says that a one dimensional perinormal domain is a Prüfer domain. The pullback construction in [6, Theorem 5.2] produces perinormal domains starting from semilocal Krull domains. We extend this construction relaxing the Krull domain hypothesis to P-domain and removing the semilocal restriction (Theorem 10). We also give a construction producing non-perinormal domains (Theorem 11). In [6, Theorem 6.3] , it was shown that a Krull domain with torsion divisor class group is globally perinormal. We extend this result by showing that a PVMD with torsion class group (e.g a GCD domain) is globally perinormal (Theorem 13). Consequently, an AGCD domain is globally perinormal if and only if it is integrally closed (Corollary 14). In Theorem 15, we slightly improve Theorem 13.
Throughout this paper all rings are (commutative unitary) integral domains. Any unexplained terminology is standard like in [9] , [11] or [14] .
Results
Let A be a domain. Call a prime ideal P of A a valued prime if A P is a valuation domain. Recall that A is said to be an essential domain if A = ∩ P ∈G A P where G is the set of valued primes of A. As usual, an overring B of A is a lying over overring if the map Spec (B) → Spec (A) is surjective. Proof. Since A is essential, A = ∩ P ∈G A P where G is the set of valued primes of A. As A ⊆ B satisfies lying over, for each P ∈ G, we can choose P ′ ∈ Spec (B) such that P ′ ∩ A = P . Since A P is a valuation domain, it follows that
Recall [17] that a domain A is called a P-domain if A P is a valuation domain for every prime ideal P which is minimal over an ideal of the form Aa : b with a, b ∈ A. A P-domain is an essential domain but not conversely, cf. [17, Proposition 1.1] and [12] . Moreover, a fraction ring of a P-domain is still a P-domain, cf. [17, Corollary 1.2]. We state the main result of this paper.
Theorem 2. Every P-domain is perinormal.
Proof. Let A be a P-domain and B a going down overring of A. Let Q ∈ Spec (B) and P = Q ∩ A. By [17, Proposition 1.1] and [6, Lemma 2.2], A P is an essential domain. By going down, B Q is a lying over overring of A P . So Theorem 1 applies to give A P = B Q . Thus A ⊆ B is flat due to [18, Theorem 2] .
Remark 3. An essential domain is not necessarily perinormal. Indeed, the essential domain D constructed in [12] has a one dimensional localization D P which is not a valuation domain. Then D is not perinormal cf. [6, Proposition 3.2].
Remark 4. The underlying idea of the proof of Theorem 2 is very simple. Let D a class of domains which is closed under localizations at prime ideals. If every A ∈ D has no proper lying over overring, then every A ∈ D is perinormal. Indeed, if B is a going down overring of A, Q ∈ Spec (B) and P = Q ∩ A, then A P ⊆ B Q satisfies lying over, so A P = B Q .
Let A be a domain with quotient field K. Recall that A is a Prüfer v-multiplication domain (PVMD) if for every finitely generated nonzero ideal I, there exists a finitely generated nonzero ideal J such that (IJ) v is a principal ideal. Here, as usual, for a fractional nonzero ideal H of A, its divisorial closure (v-closure) is the fractional ideal Recall that a treed domain is a domain whose incomparable prime ideals are comaximal. As their localizations at the prime ideals are valuation domains, the Prüfer domains are treed and perinormal. We prove the converse.
Proposition 8. A treed perinormal domain is a Prüfer domain.
Proof. Localizing, we may assume that A is local with maximal ideal P . Then Spec (A) is linearly ordered. By [13] , there exist a lying over valuation overring V of A. Then V is a going down overring of A. Since A is perinormal, it follows that A = V because the maximal ideal of V lies over P .
The assertion (a) below extends [17, Proposition 4.4] while assertion (b) is essentially [6, Proposition 3.2].

Corollary 9. (a) A treed P-domain is a Prüfer domain. (b) A one dimensional perinormal domain is a Prüfer domain.
Proof. Combine Theorem 2, Proposition 8 and the fact that a one dimensional domain is treed.
Our next result extends the pullback construction in [6, Theorem 5.2] producing perinormal domains. While our proof uses the same idea, we relax the Krull domain hypothesis to P-domain and remove the semilocal restriction.
Let B be a P-domain and M 1 , ..., M n maximal ideals of B such that none of them is a valued prime. Assume further that all fields B/M i are isomorphic to the same field K by isomorphisms σ i : B/M i → K, i = 1, ..., n. Set I = M 1 ∩ · · · ∩ M n . Let π : B → K n be the composition of the canonical morphism B → B/I, the Chinese Remainder Theorem morphism B/I → B/M 1 × · · · × B/M n and (σ 1 , ..., σ n ) : B/M 1 ×· · ·×B/M n → K n . Finally, identify K with its diagonal image in K n .
Theorem 10. In the setup above, the pulback domain
Proof. Note that B is perinormal by Theorem 2. Clearly I = ker(π) is a common ideal of A and B. Let (C, N ) be a going down overring of A and set P = N ∩ A. Assume that P ⊇ I. By usual pullback arguments we have C ⊇ A P = B Q where Q = P A P ∩ B. Moreover since C is a going down extension of the perinormal domain B Q and N ∩ B Q = QB Q , we get A P = B Q = C, so we are done in this case. Assume now that P ⊇ I. By [7, Lemma 1.1.6], we may localize A and B in A − P and thus assume that A is local with maximal ideal P . Then A ⊆ C satisfies lying over because it satisfies going down and P ⊆ N . Let G be the set of valued primes of B. For every
We claim that A = C. Indeed, as I is a common of A, B, C, we get A/I = K ⊆ C/I ⊆ B/I = K n . Since C/I is local and K is the only local ring between K and K n , we derive that C/I = K, so C = A.
The following pullback construction provides examples of non-perinormal domains.
Theorem 11. Let B be a domain, M a maximal ideal of B, π : B → B/M the canonical map and K a proper subfield of B/M . Then the pulback domain
Proof. Clearly M is a maximal ideal of both A and B. We claim that going down holds for A ⊆ B. Let Q ∈ Spec (B) and P = Q ∩ A. It suffices to prove that the map Spec ( Let A be a domain. Recall ( [19] and [21] ), that A is called an almost GCD domain or AGCD if for each x, y ∈ A, there exists n ≥ 1 such that x n A ∩ y n A is a principal ideal.
Recall that the class group of a domain was introduced by Bouvier and Zafrullah (see [2] and [3] ) in order to extend the divisor class group concept from the Krull domains case to arbitrary domains. For simplicity, we choose to recall this definition only in the PVMD case. Let A be a PVMD. The set D(A) = {H v | H finitely generated nonzero fractional ideal of A} is a group under the operation ( According to [6] , a domain A is called globally perinormal if every going down overring of A is a fraction ring of A. In [6, Theorem 6.3] , it was shown that a Krull domain with torsion divisor class group is globally perinormal. In Theorem 13 we extend this result to PVMDs. In the last result of this paper we slightly improve Theorem 13 (note that the Prüfer domain case of Theorem 15 is [9, Theorem 27.5]). Let A be a domain. An overring B of A is called t-linked (over A) [4] if, for each finitely generated nonzero ideal I of A such that I −1 = A, one has (IB) −1 = B. By [4, Proposition 2.2], every flat overring of A is t-linked over A. So a perinormal domain whose t-linked overrings are fraction rings of A is globally perinormal.
Theorem 15.
Assume that A is a PVMD which satisfies the following condition: for each finitely generated nonzero ideal I of A, we have I n ⊆ bA ⊆ I v for some n ≥ 1 and b ∈ A. Then A is globally perinormal.
Proof. By [5, Theorem 1.3], every t-linked overring of A is a fraction ring of A. As a PVMD is perinormal (due to Corollary 5), the paragraph preceding this theorem applies to complete the proof.
